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MULTIPLE-SHOT AND UNAMBIGUOUS
DISCRIMINATION OF VON NEUMANN MEASUREMENTS
ZBIGNIEW PUCHA LA1,2,  LUKASZ PAWELA1, ALEKSANDRA KRAWIEC1,3,
RYSZARD KUKULSKI1,4, AND MICHA L OSZMANIEC5
Abstract. We present an in-depth study of the problem of discrimina-
tion of von Neumann measurements in finite-dimensional Hilbert spaces.
Specifically, we consider two scenarios: multiple-shot and unambiguous
discrimination. In the case of multiple-shot discrimination, we focus
on discrimination of measurements with the assistance of entanglement.
Interestingly, we prove that in this setting all pairs of distinct von Neu-
mann measurements can be distinguished perfectly (i.e. with the unit
success probability) using only a finite number of queries. We also show
that in this scenario queering the measurements in parallel gives the
optimal strategy and hence any possible adaptive methods do not offer
any advantage over the parallel scheme. In the second scenario we give
the general expressions for the optimal discrimination probabilities with
and without the assistance of entanglement. Finally, we show that typi-
cal pairs of Haar-random von Neumann measurements can be perfectly
distinguished with only two queries.
1. Introduction
With the recent technological progress quantum information science is not
anymore merely a collection of purely theoretical ideas. Indeed, quantum
protocols of increasing degree of complexity are currently being implemented
on more and more complicated quantum devices [1, 2] and are expected to
soon yield practical solutions to some real-world problems [3]. This situation
motivates the need of certification and benchmarking of various building-
blocks of quantum devices [4–6]. Discrimination or quantum hypothesis
testing constitute one of the paradigms for assessing the quality of parts of
quantum protocols [7–11]. In this work we present a comprehensive study
of various scenarios of discrimination of von Neumann measurements on a
finite-dimensional Hilbert space. Here, by von Neumann measurements we
understand fine-grained projective measurements. The general problem of
quantum channel discrimination has attracted a lot of attention in recent
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years. One of the first results was the study of discrimination of unitary
operators [12,13]. Later, this has been extended to various settings such as
multipartite unitary operations [14]. The follow-up paper [15] formulated
necessary and sufficient the conditions under which quantum channels can
be perfectly discriminated. Further works investigated the adaptive [16–18]
and parallel [19] schemes for discrimination of channels. Finally, some as-
ymptotic results on discrimination of typical quantum channels in large di-
mensions were obtained in [20] . Discrimination of quantum measurements,
being a subset of quantum channels, is thus of particular interest. Some of
the earliest results on this topic involve condition on perfect discrimination
of two measurements [21–25]
Here we are interested in the following problem. Imagine we have an
unknown device hidden in a black box. We know it performs one of the
two possible von Neumann measurements P1 or P2. Generally, whenever
a quantum state is sent through the box, the box produces, with proba-
bilities predicted by quantum mechanics, classical labels corresponding to
the measurement outcomes. Our goal is to find schemes that attain the
optimal success probability for discrimination of measurements. The results
contained in this work concern the following two scenarios:
Multiple-shot discrimination— In this setting we are allowed to use the
black box containing von Neumann measurement many times. Furthermore,
we can prepare any input state with an arbitrarily large quantum memory
(i.e. we can use ancillas of arbitrary large dimensions) and we can perform
any channel between usages of the black box. This allows to implement both
parallel (see Fig. 1) as well as adaptive discrimination strategies (see Fig. 2).
We focus on the case of entanglement-assisted discrimination. Interestingly,
we prove that every pair of different von Neumann measurements can be
distinguished perfectly (i.e. with zero error probability) using only a finite
number of queries to the black box. Moreover, we show that in the multiple-
shot scenario adaptive strategies do not offer advantage over the parallel
queries to the black box measurement.
? i
? j
// decision
|ψABC〉
1
Figure 1. A schematic representation of two-step parallel
discrimination scheme.
Unambiguous discrimination— This scenario is an analogue to the well-
known scheme of unambiguous state discrimination [26]. Namely, for every
query to the black box, the decision procedure outputs P1, P2, or the in-
conclusive answer. The latter means that the user cannot decide which
measurement was contained in the black box. Importantly, we require that
the procedure cannot wrongly identify the measurement (see Fig. 3). Our
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? i i
Vi
? j
// decision
|ψABC〉
1
Figure 2. A schematic representation of two-step adaptive
discrimination scheme. The adaptation is done via the uni-
tary matrix Vi.
main contribution to this problem is the derivation of the general schemes
which attain the optimal success probability both with and without the assis-
tance of entanglement. We also present single-letter formulas for the optimal
discrimination probability of von Neumann measurements for qubits.
? i
P1//
P2//
1//
|ψ〉
1
? i
Ri
P1//
P2//
1//
|ψ〉
1
Figure 3. A schematic representation of the unambiguous
measurement discrimination scheme. The figure on the right
shows entanglement-assisted unambiguous discrimination.
The rest of the paper is organized as follows. First, in Section 2, we give
a survey of the main concepts and notation used throughout this work (in-
cluding the basic background on discrimination of quantum channels and
measurements). In there, we show that the parallel discrimination scheme
is optimal in this case. Then, in Section 3 we present our results for the sce-
nario of multiple-shot measurement discrimination. The following Section 4
contains the results concerning the unambiguous discrimination of quantum
measurements. We obtain an upper bound on the probability of success
and show that the parallel scheme is again optimal. Lastly, in Section 5 we
summarize our results and give some directions for future research.
2. Preliminaries and main concepts
By D(Cd) we will denote quantum states on Cd. A set of generalized mea-
surements (POVMs) Cd will be denoted by POVM(Cd). A general quantum
measurement M on Cd is a tuple of positive semidefinite operators1 on Cd
that add up to identity on Cd i.e. M = (M1, . . . ,Mn) with Mi ≥ 0 and∑
iMi = 1l. If a quantum state σ is measured by a measurement M, the
outcome i is obtained with the probability p(i|σ,M) = tr(σMi) (Born rule).
1For simplicity we restrict our attention to measurements with a finite number of
outcomes.
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Therefore, a quantum measurement M can be uniquely identified with a
quantum channel
(1) ΨM(σ) =
n∑
i=1
tr(Miσ)|i〉〈i|,
where states |i〉〈i| are perfectly distinguishable (orthogonal) pure states that
can be regarded as states describing the state of a classical register. In what
follows we will abuse the notation and simply treat quantum measurements
(denoted by symbolsM,N ,P, ...) as quantum channels having the classical
outputs. Using this interpretation one can readily use the results concerning
the discrimination of quantum channels for generalized measurements. In
particular for entanglement-assisted discrimination of quantum channels we
have a classic result due to Helstrom [27]. It states that the probability of
correct discrimination pdisc(Φ,Ψ) between two quantum channels Φ and Ψ
is given by
(2) pdisc(Φ,Ψ) =
1
2
+
1
4
‖Φ−Ψ‖ ,
where ‖S‖ = max‖X‖1=1 ‖(S⊗ 1l)(X)‖1 denotes the diamond norm of the
superoperator S, any optimal X is called a discriminator. Thus, if the value
of the diamond norm of the difference of two channels is strictly smaller than
two, then the two channels cannot be distinguished perfectly in a single-shot
scenario.
In this work we will be concerned with von Neumann measurements i.e.
projective and fine-grained measurements on a Hilbert space of a given di-
mension d. Von Neumann measurements P in Cd are tuples of d orthogonal
projectors on vectors forming an orthonormal basis {|ψi〉}di=1 in Cd i.e.
(3) P = (|ψ1〉〈ψ1|, |ψ2〉〈ψ2|, . . . , |ψd〉〈ψd|) .
In what follows we will use P1l to denote the measurement in the standard
computational basis. We will also use PU to denote the von Neumann mea-
surement in the basis |ψi〉 = U |i〉 for a unitary d×d matrix U ∈ Ud. In other
words, vectors |ψi〉 from Eq.(3) are columns of the matrix U . Consider now
a general task of discriminating between two projective measurements PU1 ,
PU2 , and let psucc(PU1 ,PU2) be the optimal probability for discriminating
between these measurements (we do not specify what kind of discrimination
task we have in mind). Then, due to the unitary invariance of the discrimi-
nation problem and from the (easily verifiable) identity V PUV † = PV U we
obtain that psucc(PU1 ,PU2) = psucc(P1l,PU†1U2). Therefore, for any reason-
able discrimination tasks, without loss of generality, we can limit ourselves
to considering the problem of distinguishing between the measurement in
the standard basis P1l and another projective measurement PU .
Remark. Our definitions distinguish projective measurements that differ
only by ordering of elements of the basis. On the other hand, the notation
PU is ambiguous because of the relation PU = PUE valid for all diagonal
d×d unitaries E ∈ DUd. Note however that a set {UE| E ∈ DUd} uniquely
specifies a projective measurement.
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Distinguishability of quantum measurements is strictly related to the dis-
tinguishability of unitary channels. The prominent result [28, 29] gives an
expression which makes calculating the diamond norm of the difference of
unitary channels ΦU , Φ1l substantially easier. It says that the for a unitary
matrix U we have
(4) ‖ΦU − Φ1l‖ = 2
√
1− ν2,
where ν = minx∈W (U) |x| and W (X) denotes the numerical range of the
operator X. Building on this result, in [24] the following characterization of
the diamond between measurements was obtained
(5) ‖PU − P1l‖ = min
E∈DUd
‖ΦUE − Φ1l‖ .
Therefore the distance between two von Neumann measurements is the min-
imal value of the diamond norm on the difference between optimally coher-
ified channels [30].
Equation (5) will be of significant importance throughout this work. We
will also make use of the dephasing channel denoted ∆(ρ) =
∑
i |i〉〈i|ρ|i〉〈i|.
Finally, when talking about the eigenvalues of a unitary matrix U ∈ Ud, we
will follow convention that λ1, . . . , λd are ordered by their phases. The angle
between λ1 and λd will be denoted by Θ(U).
3. Multiple-shot discrimination
Multiple-shot discrimination is a natural generalization of the single-shot
scheme studied in [24]. In there, we show that the problem at hand is closely
related to the task of discriminating of unitary channels. Our goal here is to
reduce parallel distinction of von Neumann measurements to a similar task
for unitary channels. In this section, the probability of discrimination of
von Neumann measurements will be studied on the grounds of the diamond
norm.
Before we proceed to presenting our results on the discrimination of quan-
tum measurements, we will show the optimality of the parallel scheme (see
Fig. 4) in the case of distinguishability of unitary channels. This is stated
in the following proposition, which is based on the results presented in [13].
Proposition 1. Let V1 = UX1UX2 . . . XN−1U and V2 = X1 . . . XN−1.
Then
(6) max
X1...XN−1
‖ΦV1 − ΦV2‖ =
∥∥ΦU⊗N − Φ1l⊗N∥∥ .
Proof. We will show first that the inequality ‖ΦV1 − ΦV2‖ ≤
∥∥ΦU⊗N − Φ1l⊗N∥∥
holds for every choice of X1 . . . XN−1. We will use the fact that the diamond
norm of unitary channels is a function of Θ and use the induction. The first
step is trivial so assume that for k < N − 1 we have
(7) Θ
(
X†k . . . X
†
1UX1U . . . UXkU
)
≤ kΘ(U).
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Then, by the use of the inequality from Lemma 1 from [13] we obtain
Θ
(
X†k+1X
†
k . . . X
†
1UX1U . . . UXkUXk+1U
)
= Θ
(
X†k . . . X
†
1UX1U . . . UXkUXk+1UX
†
k+1
)
≤ Θ
(
X†k . . . X
†
1UX1U . . . UXkU
)
+ Θ
(
Xk+1UX
†
k+1
)
≤ kΘ(U) + Θ (U) = (k + 1)Θ(U).
(8)
The equality is achieved for X = 1l, thus the equality in (6) is proven. 
3.1. Parallel discrimination. The first step in our study is to extend
Eq. (5) to the parallel setting. Here we study the optimal form of the
optimal matrix E in the parallel scheme. The following theorem states that
it has a tensor product form. The proof of the Theorem requires a tech-
nical lemma which was used in the proof of Eq. (5) in [24]. It is stated in
Appendix A.
Theorem 1. Let U ∈ Ud, PU be a von Neumann measurement and DUd be
the set of unitary diagonal matrices. Then
(9) ‖PU⊗N − P1l‖ = min
E∈DUd
‖ΦU⊗NE⊗N − Φ1l‖ .
Proof. Consider first the case when PU and P1l are perfectly distinguishable.
Then ‖PU − P1l‖ = minE∈DUd ‖ΦUE − Φ1l‖ = 2. This happens if and only
if there exists ρ ∈ Ωd such that diag(ρU) = 0. Then for U⊗N we have
(10) diag
(
ρ⊗NU⊗N
)
= diag
(
(ρU)⊗N
)
= 0.
This means that PU⊗N and P1l are perfectly distinguishable and
(11) ‖PU⊗N − P1l‖ = min
F∈DU
dN
∥∥∥Φ(U⊗N )F − Φ1l∥∥∥ = 2.
As the minimum taken over a subset cannot be smaller that the minimum
of the set, then
(12) ‖PU⊗N − P1l‖ = min
E∈DUd
‖ΦU⊗NE⊗N − Φ1l‖ .
Now, consider the second case when PU and P1l are not perfectly dis-
tinguishable. Then, there exists an optimal matrix E0 ∈ DUd such that
‖PU − P1l‖ = ‖ΦUE − Φ1l‖ . Let 1 = λ1  λ2  . . .  λd, where λk =
eiαk  λl = eiαl ⇐⇒ αk ≤ αl for α ∈ [0, 2pi).
Let us take states ρ1, ρd defined as in Lemma 1.
We will study two cases. As for the first one, we assume that 0 6∈
W
(
U⊗NE⊗N
)
. Hence, as diag(ρ1) = diag(ρd), then
(13) diag(ρ⊗N1 ) = diag(ρ
⊗N
d )
and ρ⊗Nk for k ∈ {1, d} lie on the subspaces spanned by the eigenvectors
of the eigenvalues λ1 = 1 and λ
N
d respectively. As all the assumptions of
Lemma 1 are fulfilled, we obtain
(14) min
ρ
∣∣tr (ρU⊗NE⊗N)∣∣ = max
F∈DU
dN
min
ρ
∣∣tr (ρU⊗NF )∣∣ .
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Hence
(15) ‖ΦU⊗NE⊗N − Φ1l‖ = min
F∈DU
dN
‖ΦU⊗NF − Φ1l‖ = ‖PU⊗N − P1l‖
where the last equality follows from Theorem 1 from [24]. Finally, as
(16) min
E∈DUd
‖ΦU⊗NE⊗N − Φ1l‖ ≤ ‖PU⊗NE⊗N − P1l‖
and
(17) min
E∈DUd
‖ΦU⊗NE⊗N − Φ1l‖ ≥ min
F∈DU
dN
‖ΦU⊗NF − Φ1l‖ ,
then eventually
(18) min
E∈DUd
‖ΦU⊗NE⊗N − Φ1l‖ = ‖PU⊗N − P1l‖ .
As for the second case, assume that 0 ∈W (U⊗NE⊗N). Then there exists
k < N such that 0 ∈ conv(λ1, λN−kd , λNd ) and there exists a probability vector
p = (p1, p2, p3) such that
(19) p1λ1 + p2λ
N−k
d + p3λ
N
d = 0.
Let us again take ρ1 and ρd as in Lemma 1. Define a state
(20) ρ = p1ρ
⊗N
1 + p2
(
ρ⊗k1 ⊗ ρ⊗N−kd
)
+ p3ρ
⊗N
d .
We will show that diag
(
ρU⊗N
)
= 0. Indeed
diag
(
ρU⊗NE⊗N
)
= diag
(
p1λ1ρ
⊗N
1 + p2λ
N−k
d
(
ρ⊗k1 ⊗ ρ⊗N−kd
)
+ p3λ
N
d ρ
⊗N
d
)
= p1λ1 diag(ρ
⊗N
1 ) + p2λ
N−k
d diag
(
ρ⊗k1 ⊗ ρ⊗N−kd
)
+ p3λ
N
d diag(ρ
⊗N
d )
=
(
p1λ1 + p2λ
N−k
d + p3λ
N
d
)
diag(ρ⊗N1 ) = 0.
(21)
Thus ρ is an optimal state and
(22) 2 = min
F∈DU
dN
‖ΦU⊗NF − Φ1l‖ ≤ min
E∈DUd
‖ΦU⊗NE⊗N − Φ1l‖ = 2.
Hence
(23) min
E∈DUd
‖ΦU⊗NE⊗N − Φ1l‖ = ‖PU⊗N − P1l‖ .

Now we are interested in calculating the number of usages of the black-
box required for perfect discrimination. Let us recall here that in the case
of distinguishing unitary operations this can always be achieved in a finite
number of steps N = d piΘ(U)e [12].
The following corollary states that in the parallel discrimination scheme
any two (not equal) von Neumann measurements can always be perfectly
distinguished by a finite number of uses N = d piΥ(U)e, where Υ(U) is an
optimized version of Θ(U) i.e.
(24) Υ(U) = min
E∈DUd
Θ(UE).
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? i1
? i2
...
? iN
// decision

|ψ1,...,N+1〉
1
Figure 4. A schematic representation of the parallel dis-
crimination scheme.
Using this notation we may rewrite Theorem 1 as
Corollary 1. Let N ∈ N, U ∈ Ud. The following holds
(i) if NΥ(U) ≥ pi, then ‖PU⊗N − P1l‖ = 2;
(ii) if NΥ(U) < pi, then ‖PU⊗N − P1l‖ = 2 sin(N2 Υ(U)).
The structural characterization of multiple-shot discrimination of von
Neumann measurements given above allows us to draw strong conclusions
about distinguishability of generic pairs von Neumann measurements. In
this work we restrict our attention to pairs of measurements distributed
independently according to the natural distribution coming from the Haar
measure µ(Ud) [31].
Theorem 2. Consider two independently distributed Haar-random von Nau-
mann measurements on Cd, i.e. PU ,PV , where U ∼ µ(Ud), V ∼ µ(Ud). Let
popt(PU⊗2 ,PV ⊗2) be the optimal probability of discrimination measurements
PU and PV using two queries and assistance of entanglement. Then, we
have the following bound
(25) Pr
U,V∼µ(Ud)
(popt(PU⊗2 ,PV ⊗2) < 1) ≤
1
2d−1
.
In other words, in the limit of large dimensions d, typical Haar-random von
Neumann measurements are perfectly distinguishable with the usage of two
queries and assistance of entanglement (the probability that they cannot be
perfectly distinguished is exponentially suppressed as a function of d).
Proof. From the unitary invariance of the Haar measure and the symme-
try of the problem of measurement discrimination it follows that the dis-
tribution of the random variable popt(P1l⊗2 ,PU⊗2) is identical to that of
popt(PU⊗2 ,PV ⊗2). Consequently, we have
(26) Pr
U,V∼µ(Ud)
(popt(PU⊗2 ,PV ⊗2) < 1) = Pr
U∼µ(Ud)
(popt(P1l⊗2 ,PU⊗2) < 1) .
From Corollary 1 it follows that the condition ‖PU − P1l‖ ≥
√
2 implies
‖PU⊗2 − P1l⊗2‖ = 2 and consequently it also perfect discrimination of two
copies of measurements: popt(PU⊗2 ,P1l⊗2) = 1. Therefore we have
(27) Pr
U∼µ(Ud)
(P⊗2U ,P⊗21l ) < 1) ≤ Pr
U∼µ(Ud)
(
‖PU − P1l‖ ≤
√
2
)
.
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Using now the characterization given in Eq.(5) in conjunction to the formula
Eq.(4) we obtain ‖PU −P1l‖ ≤ 2
√
1− |U11|2 (note that U11 = tr(|1〉〈1|U) ∈
W (U)). Using this and simple algebra we get
(28) Pr
U∼µ(Ud)
(PU⊗2 ,P1l⊗2) < 1) ≤ Pr
U∼µ(Ud)
(
|U11|2 ≥ 1
2
)
.
The right-hand side of the above inequality can be computed exactly using
the property that for Haar-ditributed U the random variable X = |U11|2 is
distributed according to the Beta distribution p(X) = (d−1)(1−X)d−2 (see
for instance Eq. (9) in [32]). The simple integration gives (1/2)d−1, which
together with Eq.(26) gives the claimed result. 
3.2. Optimality of the parallel scheme. In this subsection we will prove
the following theorem
Theorem 3. Let U ∈ Ud. Consider the distinguishability of general quan-
tum network with N uses of the black box in which there is one of two
measurements - either PU or P1l. Then the probability of correct distinction
cannot be better then in the parallel scenario.
This theorem is in the spirit of the results obtained in [33] for discrimi-
nation of unitary channels. The rest of this section is devoted to the proof.
Without loss of generality we may assume that the adaptation is per-
formed using only unitary operations. Indeed, using Steinspring dilation
theorem, any channel might be represented via a unitary channel on a larger
system followed by the partial trace operation. What is left to observe is
that ‖trB(XAB)‖1 ≤ ‖XAB‖1 for arbitrary bipartite matrix XAB.
? i1 i1 · · · i1 i1
V
(1)
i1
...
? i2 · · · i2 i2
V
(2)
i1,i2
...
. . .
...
...
· · · ? iN−1 iN−1
· · ·
V
(N−1)
i1,...,iN−1
? iN
· · · // decision

|ψ1,...,N+1〉
1
Figure 5. Schematic depiction of the sequential scheme. In
the kth step, after obtaining the label ik, we utilize all labels
i1, . . . , ik to modify the remaining parts of the state in the
hope of improving distinguishability.
The sequential scheme is shown in Fig. 5 and can be expressed as a channel
(29) ΨU = (∆1,...,N ⊗ 1l) ΦAU ,
associated with a matrix AU . Here ∆1,...,N is the dephasing channel on
subsystems 1, . . . , N . The channel ΦAU is shown in Fig. 6 and the exact
form of this transformation can be found in Appendix B.
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?
V (1) V (2)
· · ·
V (N−1)
? · · ·
. . .
...
...
. . .
· · · ?
· · · ?
· · ·
Figure 6. Visualization of the channel ΦAU . Here V
(k) =∑
i1,...,ik
|i1, . . . , ik〉〈i1, . . . , ik| ⊗ V (k)i1,...,ik .
Assuming that matrix U is chosen in the optimal form as in (24) i.e.Υ(U) =
Θ(U) we may calculate the distance between ΨU and Ψ1l as
max
ρ
‖(ΨU −Ψ1l) (ρ)‖1 = maxρ ‖[(∆1,...,N ⊗ 1l) (ΦAU − ΦA1l)] (ρ)‖1
≤ max
ρ
‖(ΦAU − ΦA1l) (ρ)‖1 ≤ maxρ
∥∥(ΦU⊗N⊗1l − Φ1l) (ρ)∥∥1
= ‖ΦU⊗N − Φ1l‖ = ‖PU⊗N − P1l‖ ,
(30)
where we maximize over states ρ of appropriate dimensions. The first in-
equality follows from the properties of the induced trace norm and the sec-
ond one follows from the optimality of the parallel scheme. Therefore the
adaptive scenario does not give any advantage over the parallel scheme.
4. Unambiguous discrimination
The unambiguous discrimination of measurements P1l and PU can be un-
derstood as unambiguous discrimination [26] of states generated by the cor-
responding channel. Specifically, for a fixed input state σ the output states
P1l(σ),PU (σ) can be unambiguously discriminated using the measurement
strategy M = (M1l,MU ,M?), where the first two effects represent conclu-
sive answers and the last one corresponds to the inconclusive output of the
procedure. For equal a priori probabilities of occurrence of P1l and PU , as
well as fixed σ and M, the success probability is given by
(31) pu (P1l,PU ;σ,M) = 1
2
(tr(M1lP1l(σ)) + tr(MUPU (σ))) ,
where additionally the unambiguity condition has to be satisfied:
(32) tr(MUP1l(σ)) = tr(M1lPU (σ)) = 0.
The optimal success probability of unambiguous discrimination of mea-
surements P1l,PU without the assistance of entanglement can be now defined
as as the maximum of (31) over all strategies that do not use entanglement.
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Formally, we have
(33) p˜u (P1l,PU ) := max
σ∈D(Cd)
max
M∈POVM(Cd)
pu (P1l,PU ;σ,M) ,
where M ∈ POVM(Cd) is a three-outcome measurement on Cd that ad-
ditionally satisfies constrains (32). Likewise, the optimal entanglement-
assisted unambiguous discrimination probability is given by
(34) pu (P1l,PU ) := max
σ∈D(Cd⊗Cd′ )
max
M∈POVM(Cd⊗Cd′ )
pu (P1l,PU ;σ,M) ,
where this time σ is a (possibly entangled) state on the extended Hilbert
space Cd⊗Cd′ . In what follows we will show that without loss of generality
it is enough to consider the dimension d′ of ancilla equal to the dimension
of the system d.
In the remaining of this section we will give our results for unambiguous
discrimination of von Neumann measurements both with and without the
assistance of entanglement.
4.1. Unambiguous discrimination without assistance of entangle-
ment. At the first sight the problem of finding the optimal unambiguous
discrimination of P1l and PU looks very complicated due to high dimensional
optimization from Eq.(33). However, the problem can be greatly simplified
because states form the output of a quantum measurements are purely clas-
sical (diagonal in the fixed basis).
Let us fix the input state σ ∈ D(Cd). Then, for every Hermitian operator
X on Cd we have
(35) tr(P1l(σ)X) = tr(P1l(σ)X˜) , tr(PU (σ)X) = tr(PU (σ)X˜),
where X˜ = diag(X) is a dephased version of the operator X. Let now
M = (M1l,MU ,M?) be a measurement on Cd satisfying Eq.(32). Then, by
the virtue of (35) we have
(36) p˜u (P1l,PU ;σ,M) = p˜u
(
P1l,PU ;σ,M˜
)
,
where M˜ := (diag(M1l), diag(MU ),diag(M?)) (it can be easily checked that
M˜ is a POVM on Cd). Consequently, without loss of generality, for any
fixed input state σ, we can restrict our attention to measurements M with
diagonal effects.
From the unambiguity condition Eq.(32) we obtain thatM1l ⊥ supp(PU (σ))
and MU ⊥ supp(P1l(σ)). Therefore, the optimal measurements can be al-
ways chosen as projectors onto disjoint subsets Γ,∆ of {1, . . . , d}. For any
subset A ⊂ {1, 2, . . . , N} we define projectors
(37) ΠA :=
∑
i∈A
|i〉〈i| , ΘA := U ΠA U †.
Now, if the result of the final measurement is from the set Γ, we know with
certainty that in the unknown measurement was P1l. Analogously, if the
result was from the set ∆, then we can be sure that there was the second
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measurement in the unknown device. The formula for the success probability
reads
(38) p˜u (P1l,PU ;σ,Γ,∆) = 1
2
tr(ΠΓσ) +
1
2
tr(Θ∆σ).
Importantly, the input state σ satisfies σ ⊥ ΠΓc and σ ⊥ Θ∆c , where Ac
denotes the complement of A. For fixed subsets ∆,Γ, due to linearity, the
maximum over σ equals ‖PΓ,∆(ΠΓ + Θ∆)PΓ,∆‖, where ‖ · ‖ denotes the
operator norm and PΓ,∆ is the orthogonal projector onto Span ({U |i〉}i∈Γc)∩
Span ({|j〉}j∈∆c). By optimizing over disjoint subsets ∆,Γ ⊂ {1, . . . , d} we
obtain the following result.
Theorem 4. The optimal success probability of unambiguous discrimina-
tion, without the use of entanglement, between von Neumann measurements
P1l and PU is given by
(39) p˜u (P1l,PU ) = 1
2
max
Γ,∆⊂{1,2,...,N}:Γ∩∆=∅
∥∥∥PΓ,∆(ΠΓ + Θ∆)PΓ,∆∥∥∥
with PΓ,∆ defined as above.
Remark. The projector PΓ,∆ projects onto the intersection of supports of
Π∆c and ΘΓc. By the use of Theorem 4 from [34], we can express the optimal
probability of unambiguous discrimination as
p˜u (P1l,PU ) = 2 max
Γ,∆⊂{1,2,...,N}:Γ∩∆=∅
∥∥∥Π∆c(Π∆c + ΘΓc)−1Θ∆(Π∆c + ΘΓc)−1 Π∆c
+ ΘΓc(Π∆c + ΘΓc)
−1ΠΓ(Π∆c + ΘΓc)−1 ΘΓc
∥∥∥,
(40)
where (·)−1 denotes Moore-Penrose pseudo inverse [35]. Moreover, the op-
timal input state is the one which gives the above norm.
The calculation of p˜u (P1l,PU ) is especially simple since the optimization
over disjoint subsets can be carried out explicitly.
Corollary 2. In the case of qubit measurements optimal probability of un-
ambiguous discrimination of P1l and PU is is given by the following(discontinous)
function
(41) p˜u (P1l,PU ) =
{
1 if |U12|2 = 1
1
2 |U1,2|2 if |U12|2 < 1
.
In both cases the optimal input state can be chosen to be |1〉〈1|.
Remark. The above considerations can be extended to unambiguous dis-
crimination of multiple copies of von Neumann measurements applied in
parallel. To this end, if we have access to N pararell queries to a black box
measurements, it suffices to replace unitaries 1l by 1l⊗N and U by U⊗N in
the above computations. Interestingly, in the contrast to unambiguous dis-
crimination of quantum states [26], having access to two copies of black box
measurements, sometimes allows to attain perfect discrimination. Specif-
ically, consider the problem of discriminating between P1l and PH , where
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H = 1√
2
(
1 1
1 −1
)
. Explicit computation shows that by taking taking the in-
put state as |Ψ〉 = 1√
2
(|1〉|1〉 − |2〉|2〉) allows to perfectly distinguish between
P⊗21l and P⊗2H .
4.2. Unambiguous discrimination with assistance of entanglement.
Knowing that for perfect discrimination of quantum measurements the use of
entanglement significantly improves the discrimination [24], we ask whether
the same is true for unambiguous discrimination. As explained earlier, we
treat the quantum measurement M with effects {Mi}ni=1 as a measure and
prepare channel with the classical output (see Eq.(1)). Consider now the
situation in which a black-box measurement acts on a system extended by
the ancilla space HB (of some dimension d1). Without loss of generality
we assume that the input state is pure i.e. σ = |ψAB〉〈ψAB|. Let X be a
matrix such that |ψAB〉 =
∑d,d1
i,j=1Xij |i〉|j〉. The action of the channelM on
|ψAB〉〈ψAB| can be expressed as
(42) M⊗ 1lB(|ψAB〉〈ψAB|) =
n∑
i=1
|i〉〈i| ⊗XTMTi X.
Now, if we apply one of two von Neumann measurements P1l or PU , we
get the following states
P1l ⊗ 1lB(|ψAB〉〈ψAB|) =
d∑
i=1
|i〉〈i| ⊗XT |i〉〈i|X,(43)
PU ⊗ 1lB(|ψAB〉〈ψAB|) =
d∑
i=1
|i〉〈i| ⊗XTU |i〉〈i|UTX.(44)
By using analogous reasoning to the one given in the preceding section it
can be shown that for a given input state |ψAB〉, the optimal measurement
unambiguously discriminating the above two states has the following struc-
ture
(45) N =
d∑
i=1
|i〉〈i| ⊗ Ti,
where Ti is a POVM on HB. In other words, the optimal discrimination
strategy amounts to first reading off a classical label i and then performing
a measurement Ti on the auxiliary register. From Eq.(43) we see that upon
obtaining the label i, the state of the auxiliary subsystem is either
(46) |xi〉〈xi| = p−1i X>|i〉〈i|X,
when measurement P1l was performed, or it is given by
(47) |yi〉〈yi| = q−1i X>U |i〉〈i|UTX,
if PU was implemented. In the above formulas pi, qi are responsible for
normalization. We assume that pi > 0 and qi > 0 (otherwise the specific
outcome i does not occur). We see that states |xi〉〈xi|, |yi〉〈yi| are pure and
14 MULTIPLE-SHOT AND UNAMBIGUOUS DISCRIMINATION
therefore the optimal measurements Ti = {T (i)1 , T (i)2 , T (i)? } will be simply
given by
T
(i)
1 = γ1(1l− |yi〉〈yi|),
T
(i)
2 = γ2(1l− |xi〉〈xi|),
T
(i)
? = 1l− T1 − T2,
(48)
for some choice of γ1,2 which guarantees the non-negativity of T
(i)
? .
The probability of success in unambiguous discrimination of pure states
|x〉, |y〉 with unequal a priori probabilities η, 1− η is given by [36]
(49) pusucc(x, y, η) =

1− η − (1− η)c2 for η < c2
1+c2
1− 2c√η(1− η) for c2
1+c2
≤ η ≤ 1
1+c2
1− (1− η)− ηc2 for 1
1+c2
< η,
where c = |〈x|y〉|.
We will use the following upper bound
(50) pusucc(x, y, η) ≤ 1− 2c
√
η(1− η),
which can be verified directly by elementary calculations.
Let ρ = XX†. The overlap ci between states of the auxiliary subsystem
is given by
(51) ci = |〈xi|yi〉| = |〈i|XX>U |i〉|/√piqi = |〈i|ρU |i〉|/√piqi,
while a priori probabilities of |xi〉, |yi〉 upon obtaining label i are ηi =
pi
pi+qi
, 1 − ηi = qipi+qi . Taking the above into account, we get that proba-
bility of success in unambiguous measurement on auxiliary subsystem given
that label i was observed can be bounded from above by
(52) pusucc(xi, yi, ηi) ≤ 1− 2ci
√
piqi
pi + qi
= 1− 2|〈i|ρU |i〉|
pi + qi
.
Therefore, the overall probability of success is bounded by
pu(P1l,PU ) = max|ψAB〉
∑
i
P (label = i)pusucc(xi, yi, ηi)
≤ max
ρ
∑
i
1
2
(pi + qi)
(
1− 2|〈i|ρU |i〉|
pi + qi
)
= 1−min
ρ
∑
i
|〈i|ρU |i〉|.
(53)
The above bound is tight since the optimal state ρ will give equal prob-
abilities pi and qi - this follows from Lemma 1. The above considerations
may be stated as the following theorem.
Theorem 5. The optimal success probability of unambiguous discrimination
between von Neumann measurements P1l and PU is given by
(54) pu(P1l,PU ) = 1−min
ρ
∑
i
|〈i|ρU |i〉|.
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Figure 7. Schematic depiction of the relationship between
the diamond norm ‖PU −P1l‖, the probability of unambigu-
ous discrimination pu(P1l,PU ) and Υ(U).
These results give a nice geometric interpretation for the relationship
between the diamond norm and the probability of unambiguous discrimina-
tion. This is depicted in Fig. 7. We start with a von Neumann measurement
in a basis given by some unitary matrix U and try to distinguish it from
the measurement in the computational basis. We denote U ’s eigenvalues as
λ1, . . . , λd ordered according to their phases and put ](λ1, λd) = Υ(U). The
dependence of the diamond norm and probability of unambiguous discrimi-
nation is clearly shown.
Remark 1. The above calculations can be easily extended to the case of
parallel discrimination scheme. It suffices to substitute U with U⊗N and
then we obtain that
(55) pu(PU⊗N ,P1l) = 1−minρ
∑
i
|〈i|ρU⊗N |i〉|.
The following corollary states that in the qubit case the unambiguous
discrimination with the assistance of entanglement always outperforms the
unambiguous discrimination without the use of entanglement. On top of
that, the special cases for which the use of entanglement does not give any
advantage are described.
Corollary 3. Let P1l and PU be two von Neumann measurements on a qubit.
If |U1,1| 6∈ {0, 1}, then the probability in the case of entanglement-assisted
unambiguous discrimination is given by
(56) peopt = 1− |U1,1|
and it is always greater then the probability without assistance of entangle-
ment
(57) pu =
{
1 if |U1,2|2 = 1
1
2 |U1,2|2 if |U1,2|2 < 1.
Moreover, if |U1,1| ∈ {0, 1}, then peopt = popt.
Basing on Remark 1, we note that the angle Υ(U) increases in the multiple-
shot case with the number of queries. This is depicted in Fig. 8 for two- and
three-shot scenarios.
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Figure 8. Figure similar to Fig. 7 which represents two-
(left) and three- (right) shot scenario.
4.3. Optimality of the parallel scheme. In the general scheme we are
allowed to use conditional unitary transformations {Xi} after each measure-
ment, so our setting for discrimination is the same as in Fig. 5. Henceforth,
we will assume that matrix U is chosen in the optimal form as in (24)
i.e.Υ(U) = Θ(U). Let us denote
|x˜i〉 = (|i〉〈i| ⊗ 1lN+1)A1l|ψA,B〉
|y˜i〉 = (|i〉〈i| ⊗ 1lN+1)AU |ψA,B〉.(58)
Using the same notation as was used in Section 3.2 and repeating the cal-
culation from the single-shot scenario we can upper-bound the probability
of success discrimination.
pu(ΨU ,Ψ1l) ≤1−
∑
i
|〈x˜i|y˜i〉| ≤ 1− |
∑
i
〈x˜i|y˜i〉| = 1− |〈ψA,B|A†1lAU |ψA,B〉|.
(59)
According to Proposition 1 we know there exists a state |φ〉 such that
|〈ψA,B|A†1lAU |ψA,B〉| ≥ |〈φ|U⊗N |φ〉|.
This implies that our probability is upper-bounded by 1−minρ
∑
i |〈i|ρU⊗N |i〉|,
which is achievable in parallel scheme as in Remark 1.
5. Conclusions and open problems
We have presented a comprehensive treatment of the problem of discrim-
ination of von Neumann measurements. First of all, we showed that for two
measurements P1 and P2, P1 6= P2, there exists a finite number N of uses
of the black box which allows us to achieve perfect discrimination. This is
formally stated in Corollary 1. We also proved that the parallel discrimina-
tion scheme is optimal in the scenario of multiple-shot discrimination of von
Neumann measurements (see Theorem 3).
Moreover, we studied unambiguous discrimination of von Neumann mea-
surements. Our main contribution to this problem was the derivation of
the general schemes that attain the optimal success probability both with
(see Theorem 5) and without (see Theorem 4) the assistance of entangle-
ment. Interestingly, for entanglement-assisted unambiguous discrimination
the optimal success probability is functionally related to the corresponding
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success probability for minimal error discrimination. Finally, we show that
the parallel scheme is also optimal for unambiguous discrimination.
There are, many interesting directions for further study that still remain
to be explored. Below we list the most important (in our opinion) open
research problems:
• Generalization of our results from projective measurements to other
classes of measurements such as projective-simulable measurements
[37], measurements with limited number of outcomes [38], or general
quantum measurements (POVMs).
• Systematical study of the problem of unambiguous discrimination of
projective measurements in the multiple-shot regime.
• Can typical pairs of Haar-random projective measurements on Cd
be discriminated perfectly using only one query and the assistance
of entanglement as d→∞?
• How much entanglement is needed to attain the optimal success
probability of multiple-shot discrimination of generic projective mea-
surements on Cd? In the same scenario, is it necessary to adopt the
final measurement to the pair of measurements to be discriminated?
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Appendix A. Lemma 5 from [24]
In this section we recall our previous results. This lemma is the basis of
some of the proofs presented in the main part of this work.
Lemma 1. Let
• E0 ∈ DUd and U ∈ Ud, D(E) = minρ∈D(Cd) |Tr ρUE|,
• D(E0) > 0,
• λ1, λd denote the eigenvalues of UE0 such that the arc between them
is the largest,
• P1, Pd denote the projectors on the subspaces spanned by the eigen-
vectors corresponding to λ1, λd.
Then, the function |Tr(ρUE)| has saddle point in (ρ0, E0) if and only if
there exist states ρ1, ρd such that
• ρ1 = P1ρ1P1,
• ρd = PdρdPd,
• diag(ρ1) = diag(ρd).
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Appendix B. Explicit form of the matrix AU
The matrix AU is a general operation which allows for adaptive informa-
tion processing in the sequential discrimination scenario.
AU = (1l1,...N−1 ⊗ U ⊗ 1lN+1)
1l1,...N−2 ⊗
∑
iN−1
|iN−1〉〈iN−1| ⊗ V iN−1N,N+1

(1l1,...,N−2 ⊗ U ⊗ 1lN,N+1)
1l1,...N−3 ⊗
∑
iN−2
|iN−2〉〈iN−2| ⊗ V iN−2N−1,...,N+1

. . .
(1l1 ⊗ U ⊗ 1l3,...N+1)
(∑
i1
|i1〉〈i1| ⊗ V i12,...N+1
)
(U ⊗ 1l2,...N+1) .
(60)
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